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Introduction

Key concepts to cover:

1. Anderson’s resonating valence bond state2

2. Holstein-Primakoff transformation3

3. Laughlin wavefunction4

2P. W. Anderson, Mater. Res. Bull. 8, 153 (1973)
3T. Holstein & H. Primakoff, Phys. Rev. 58, 1098 (1940)
4R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983)
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What is a resonating-valence-bond (RVB) state?

Consider a lattice of atoms with a spin d.o.f. at each site.

RVB state = sum over all arrangements of a tensor product of
directed dimer states. It is a highly entangled quantum state for the
spin degrees of freedom (‘quantum spin liquid’).

4 Nearest-neighbor atoms interact via their
outermost electrons. Hence the singlets
are valence-bonded.

4 Since all interactions are short-range
(NN) & no preference for specific valence
bond, the state is liquid-like.

4 The symmetric superposition of all
possible dimer coverings means that the
system can resonate between
configurations.
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Model

Consider frustrated spins with an antiferromagnetic (J > 0)
interaction on a 2D triangular lattice.

HAF = J
∑
〈ij〉

Si · Sj

This is the Heisenberg Hamiltonian for nearest neighbor
interactions, with Sj = σj/2.

The ground state of this system
is postulated to not be a Néel
‘solid’ of spins fixed at sites, but
rather a mobile ‘liquid’ of dimers.
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Holstein-Primakoff transformation I

Aim to show that Anderson’s Hamiltonian for the RVB ground state
is equivalent to the FQH Hamiltonian for bosons on a lattice.

HAF = J
∑
〈ij〉

[
Sz,iSz,j +

1

2

(
S+
i S−j + S−i S+

j

)]

S+ =
√

2s

√
1− a†a

2s
a ≈
√

2sa

S− =
√

2sa†
√

1− a†a

2s
≈
√

2sa†

Sz = (s − a†a)

The Holstein-Primakoff
transformation is a (non-linear)
map from a problem of coupled
spins to a problem of coupled
oscillators.
NB: It can be shown that
[ai , a

†
j ] = δi ,j recovers the spin

commutation relations.
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Holstein-Primakoff transformation II

Quick interpretation:

4 S± and a, a† both shift up and down a ladder of states.

4 This is why Sz and the oscillator number operator are simply
related (Sz = s − nb).

4 However, in the spin case the ladder is finite
(Hspin = {|s〉 , . . . , |−s〉}), whereas in the oscillator case the
ladder is semi-infinite
(Hosc = {|s〉 , . . . , |−s〉 , |−s − 1〉 , . . . , |−∞〉}).

4 Hence, S+ ∝ a would be too naive – we need something to
stop us lowering below Sz = −s.

4 For this, we have the factors under the square roots in S± to
enforce that nb ≤ 2s ⇒ dim(Hspin) = dim(Hosc) X

4 Having said this, Holstein-Primakoff is most often linearized
to yield a quadratic free Hamiltonian5.

5see refs on “1/s-expansion” and “linear spin wave theory” for details
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Holstein-Primakoff transformation III

We now turn our Heisenberg Hamiltonian into a quadratic
oscillator Hamiltonian.

Holstein-Primakoff transformation for HAF gives

HAF = sJ
∑
〈ij〉

(
a†j ai + a†i aj

)
︸ ︷︷ ︸

T̂

+ 2sJ
∑
〈ij〉

a†j a†i ajai − 12sJ
∑
i

a†i ai︸ ︷︷ ︸
V̂

,

up to a constant, where s = 1/2.

Since we have mapped the spin problem to a boson for every
spin-↑, we finally enforce that we only allow one boson per site
(hardcore constraint) to complete the transformation.
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Gauge transformation I

Q: The kinetic energy term in our Hamiltonian does not have the
free-particle form due to the strictly positive pre-factor
(J > 0). How can we change this to the free-particle form?

A: Perform a gauge transformation, such that some of the bonds
are negative and some positive. e.g. J̃ij = ±J as shown in the
figure below.

+ bond = solid line
− bond = dashed line
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Gauge transformation II

4 After gauge transformation, this system corresponds to bosons
of charge e∗ hopping on the lattice in a perpendicular
magnetic field!

4 Bosons hop on the triangular lattice with amplitude J. In a
perpendicular magnetic field, J → Je iθij , where
θij = (2π/φ0)

´ j
i A · dl are the Peierl’s phases, A is the vector

potential, and φ0 = hc/e∗ is the flux quantum.

4 We fix the magnitude of the fictitious B-field such that we
have one magnetic flux per unit cell.

area of unit cell = irreducible magnetic area
√

3a2

2
= 2πl2

0

where a is the lat. const. and l0 =
√

~c
e∗B is the mag. length6.

6see, for example, section on Landau quantization in Ezawa’s book
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Example of Peierl’s substitution I

In order to achieve a magnetic field B = ∇× A = B ẑ, we choose
to work in symmetric gauge A = B

2 (x ŷ − y x̂).

By taking an appropriate parameterization, for example

x = Xi + (Xj − Xi )τ and y = Yi + (Yj − Yi )τ

where τ ∈ [0, 1), we find that the Peierl’s phases can be written as

θij =
πB

φ0

Xi (Yj − Yi )︸ ︷︷ ︸
∆Y

−Yi (Xj − Xi )︸ ︷︷ ︸
∆X

 .
Consider a point with rectangular coordinates (mb, nc) in the
(x , y) basis, where b = a/2, c =

√
3a/2, and m, n are integers.
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Example of Peierl’s substitution II

Consider (Xi ,Yi ) = (mb, nc) with b = a/2 and c =
√

3a/2, with

θij =
πB

φ0
[Xi∆Y − Yi∆X ] .

Ex. 1 Hopping to right implies ∆Y = 0, ∆X = a, Yi = nc , and
hence then Peierl’s phase yields
θij = (πB/φ0)(−nca) = −πnφn, where nφ is the flux density
per unit cell. Since nφ = 1, hopping to the right will give
e iθij = ±1, depending on n.

Ex. 2 Hopping to the upper-right implies Xi = mb, ∆Y = c ,
Yi = nc , and ∆X = b. Hence the Peierl’s phase yields
θij = (πB/φ0)(bc(m − n)) = −π

2 nφ(m − n). Since nφ = 1
and (m − n) is never odd, hopping will again yield e iθij = ±1
depending on the coordinates of the site.
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What is a fractional quantum Hall (FQH) state?

Classical Hall Effect (Hall, 1879)

- explained using Drude model
- sample impurity irrelevant
- classical regime

Integer Quantum Hall Effect (Klitzing et al., 1980)

- fully-filled Landau levels
- sufficiently disordered sample (0� Vdisorder � ~ωc)
- quantum regime (kBT � ~ωc)

Fractional Quantum Hall Effect (Tsui et al., 1982)

- partially-filled Landau levels
- sufficiently pure sample (Vdisorder � VCoulomb � ~ωc)
- extreme quantum regime (kBT ≪ ~ωc)

FQH state → Hall conductivity σxy = ν e2

h , where ν is a rational fraction.
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Laughlin wavefunction I

Q: The FQHE is an interaction-dominated many-body problem
with a prohibitively large Hilbert space. How do we proceed to
obtain the ground-state wavefunction?
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Laughlin wavefunction II

Consider a free particle of charge e∗ and mass m moving in a
perpendicular magnetic field.

H = − 1

2m
(∇− ie∗A)2

- symmetric gauge A = B
2 (x ŷ − y x̂)

- complex coordinates z = x + iy , ∂z = 1
2 (∂x + i∂y )

- cyclotron frequency ωc = e∗B/m

H = − 2

m

(
∂z −

e∗Bz̄

4

)(
∂z̄ +

e∗Bz

4

)
+
ωc

2

We therefore know that states for which (∂z̄ + qBz
4 )ψ = 0 are in

the lowest Landau level (LLL). These states are of the form:

ψ(z , z̄) = f (z) exp

(
−e∗B

4
|z |2
)
.
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Laughlin wavefunction III

ψ(z , z̄) = f (z) exp

(
−e∗B

4
|z |2
)
,

where f (z) is an arbitrary analytic function (i.e. power series).
Landau levels are highly degenerate ⇒ freedom to choose the
coefficients in the power series.

Let us now fill the LLL with many non-interacting fermions by
introducing a symmetric potential Vharm = v

2 |z |
2 to lift the

degeneracy. Since the potential acting on the basis states simply
counts their degree, Vharmfn = v(1 + n)fn, the ground state must
fill the basis states from the bottom7. Hence, in this case

Ψ(z1, . . . , zN) =
N∏
j<k

(zj − zk)

︸ ︷︷ ︸
Vandermonde determinant

exp

− 1

4l2
0

N∑
j=1

|zj |2


7see e.g. Jain’s book for more details
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Laughlin wavefunction IV

Finally, Laughlin’s ansatz is to generalise this ground-state
wavefunction to the case of fractionally-filled Landau levels with
filling factor

ν ≡ N

Ns
≡ n

nφ
=

1

m
, where

{
m is odd for fermions

m is even for bosons

Ψm(z1, . . . , zN) =
N∏
j<k

(zj − zk)m

︸ ︷︷ ︸
Jastrow factor

exp

− 1

4l2
0

N∑
j=1

|zj |2


- (anti)symmetric under particle exchange

- eigenstate of total angular momentum

- Coulomb repulsion is included via two-body correlations
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Laughlin wavefunction V

Laughlin wavefunction is fundamentally different to the fully-filled
product state we wrote down before. It’s also not the actual
ground state for FQH. But it has the same fractional statistics
and topological order as the actual FQH ground state.

excitations ⇒ “new state of matter” [Laughlin, 1983]

Here, let us consider a 2DEG with Nb interacting bosons in a
perpendicular magnetic field. We take Laughlin’s ansatz for the
solution at 1/2-filling (i.e. # ↑-spins = # ↓-spins):

Ψ2(z1, . . . , zN) =
N∏
j<k

(zj − zk)2 exp

− 1

4l2
0

N∑
j=1

|zj |2


Q: How well does this describe the spin model with puported
RVB ground state?
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Are these two states equivalent?

More generally, how do we quantify whether two states are
equivalent?

1. wavefunction overlap / agreement of ground state energies

2. adiabatic continuity between the two Hamiltonians

HAF
?↔ HFQH
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Wavefunction overlap

Figure: Ground-state energy of the
ν = 1/2 FQH system evaluated
numerically using variational Monte
Carlo.

EVMC =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

=

´
|Ψ(r)|2EL(r)dr´
|Ψ(r)|2dr

ERVB EFQH

−0.95± 0.02 −0.94± 0.02

The ground state energies,
obtained from numerical
finite-size extrapolations, agree
within 2% X
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Adiabatic continuity

General idea: write the two Hamiltonian in the same basis so that
we can adiabatically tune from one to the other.

H(κ) = κHAFM + (1− κ)HFQH, κ ∈ [0, 1)

Suggested basis: single boson basis orbitals

φα =
1√
2π

exp

(
−1

4
(z − zα)2

)
Then the overlaps Sαβ =

´
φ∗α(z)φβ(z)d2z → 0 to tune to HAF.

4 Since the states are expected to be equivalent, this would
support the idea that the RVB ground state is gapped, so that
the gap is stable under adiabatic transformation.
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1987 → present day

Q: Why does this matter?

A: Connection between doped quantum spin liquid Mott insulator
and high-Tc superconductivity8. Can the FQHE provide
further insight?

Progress in theory:

4 not all quantum spin liquids are alike, and great efforts have
been made to classify them9

4 RVB states have now been shown to be the ground states of
many model Hamiltonians10

Progress in experiment:

4 frustrated magnets in 2D and 3D, e.g. herbertsmithite,
rare-earth dichalcogenides, triangular organics, etc.11

8review by Lee et al., Rev. Mod. Phys. 78, 17 (2006)
9e.g. A. M. Essin & M. Hermele, Phys. Rev. B 87, 104406 (2013)

10e.g. R. Moessner & S. L. Sondhi, Phys. Rev. Lett. 86, 1881 (2001)
11review by L. Balents, Nature 464, 199–208 (2010)
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Conclusion

4 The AF Heisenberg model can be transformed to a Hubbard
model in the low energy sector

4 The resultant Hubbard model is equivalent to bosons hopping
in a perpendicular magnetic field

4 The ground states and physics of the spin and FQH systems
are analogous

Potential research directions:

? Is it possible to adiabatically transform between the
Hamiltonians?

? Is the gap robust to such a transformation / such
transformations in general?

? To what extent is FQH physics reflected in quantum spin
liquids and high-Tc superconductivity?

Thank you for listening!
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