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Exercise 1: Symmetries of the Dirac Lagrangian

Consider the Dirac Lagrangian

L = ψ̄(iγµ∂µ −m)ψ (1)

a) Derive the Noether current associated to the variation of the fields

ψ → ψ′ = exp(iαγ5)ψ (2)

b) Show that the Dirac Lagrangian is invariant under such transformation only if it describes
massless leptons

Exercise 2: The decay of the Z boson

The matrix element for the decay of the Z boson in two fermions is given by:

Mµ = −igZ2 ū(p)γµ(cV − cAγ5)v(p′) (3)

Where p, p′ are the four momenta of the outgoing leptons, such that p2 = p′2 = m2
f , and q = p + p′

such that q2 = m2
Z is the four momentum of the decaying Z boson.

a) WriteM∗ν , the complex conjugate of the amplitude

b) Using the Casimir’s trick, it is found that

∑
spins

MµM∗ν = g2
Z

4 Tr
[
(γαpα +m)γν(cV − cAγ5)(γαp′α −m)(cV + cA)γµ

]
(4)

Using the massless fermions approximation, and the following identities derive the expression
for the square modulus of the amplitude |M|2

Useful relations:

γµγµ = −2I

Tr[γαγβγ5] = 0

Tr[γαpαγβp′β] = 4p · p′
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c) The differential decay width is defined as:

dΓ = 1
2mZ

|M|2dφ2

Using the result from the 2 body phase space calculation

dφ2 = 1
32π2d(cosθ)dφ

Derive the partial decay width of the Z boson to the massless fermion f


