
Todays	program

(1) Tasks	&	Course	overview

(2) Exam	structure

(3) Quantum	oscillations	(continued)

(4) Magneto-resistance



# Dates Title Exercise (1=easy,	
10=hard) Tasks

1 22.2 Introduction VESTA	 2-3 Read	Chap.	1

2 01.3 Crystal	structures Daniel	- info 4 Read	Chap.	2,	Ex.	1

3 08.03 Reciprocal	space Discuss Ex.	1 6 Read	Chap.	2,	Ex.	2

4 15.03 Scattering	Theory Discuss Ex.	2 8-9 Read	Chap.	3,	Ex.	3

5 22.03 Crystal	bindings Discuss Ex.	3 5 Read Chap.	4,	Ex.	4

6 29.03 Phonons	 Discuss Ex.	4 5-6 Read Chap.	5,	Ex.	5

7 05.04 Thermal properties Discuss Ex.	5 5-6 Read Chap.	6,	Ex.	6

8 12.04 Electron gasses,	Cel Discuss Ex.	6 5-6 Read Chap.	7,	Ex.	7

-- 19.04 EASTER	HOLIDAY ------------------- 0 RECAP
9 26.04 Electronic	band	struc. Discuss Ex.	7 5-6 Read Chap.	8,	Ex.	8

10 03.05 Semi-conductors Discuss Ex.	8 6 Read Chap.	9,	Ex.	9

11 10.05 Fermi	surfaces	&	Metals	- I Discuss Ex.	9 8 Read Chap.	9,	Ex.	10

12 17.05 Fermi	surfaces	&	Metals	- II Discuss Ex.	10 8 Read Chap.	9,	Ex.	11

13 24.05 Guest	lecture Discuss Ex.	11 --

14 31.05 Repetition 4



# Dates Title Tasks

10 03.05 Semi-conductors
Read Chap.	6:	Motion	in	magnetic	fields	p.	163-167

Read Chap.	9:	Introduction	to	Fermi	surfaces	p.	235-244
Read Chap.	9:	Experimental	methods	in	FS	studies		p.	255-265

11 10.05 Fermi	surfaces	&	Metals	- I Read Chap.	9:	Experimental	methods	in	FS	studies		p.	255-265

12 17.05 Fermi	surfaces	&	Metals	- II
Read Chap.	9	:	Calculation	of	energy	bands	244	-255

13 24.05 Guest	lecture Electronic	band structure:	Tight-binding	
model

14 31.05 Repetition



Course	overview

Crystal	lattice	phenomena’s

-- Crystal	structures	(	Real	and	reciprocal	space)
-- Scattering	theory	(	Bragg’s	law,	Form	Factor,	Structure	factor)
-- Crystal	bindings	(	Equilibrium	lattice	constants,	binding	energies)
-- Lattice	vibrations	(	Phonon	dispersions,	density	of	state,	heat	capacity)

Electronic	phenomena’s

-- Free	electron	gas	(	Fermi	Dirac	distribution,	density	of	states)
-- Band	structure	(	electronic	masses,	Fermi	surfaces)
-- Electronic	measurements	(	Heat	capacity,	resistivity,	Hall	effect,	quantum	oscillations)
-- Electronic	phases	(	metals,	semi-metals,	semi-conductors,	band	insulators)



Todays	program

(1) Tasks	&	Course	overview

(2) Exam	structure

(3) Quantum	oscillations	(continued)

(4) Magneto-resistance



Exam	– time	line

MY	AVAILABILITY	BEFORE	EXAM:
1st of	June	in	office.
After	1st of	June	no	around	but	can	be	reached	on:
johan.chang@physik.uzh.ch
skypename:	johan.chang7

31th	of	May		(13h00-17h00)	– Last	lecture:	Repetition	of	course	content

6th of	June	(14.00-17.00)	in	Y36-J-33	– Questions and	Answers session	with	Stefan	

8-9th	of	June (9h00	– 17h30)	in	Y-36-H-48 – Oral exam

9th	of	June (17h30):	Beer in	StudiBar



Exam	Structure

~7	min	– Presentation:
Topics: (1)	Crystal	structures,	

(2)	Crystal	Bindings,	
(3)	Reciprocal	lattice+	scattering	theory,
(4)	Crystal	vibrations	(Phonons),	
(5)	Heat	capacity	
(6)	Band	structure	
(7)	Semiconductors	
(8)	Resistivity	&	Hall	effect

5	min	- evaluation	

End	Exam

2 min	– Results:	Passed	/	failed,	grade	will	be	known	at	a	later	point.			

~7	min	– Discussion	1:
Questions	to	the	lecture	material	(Example	next	slide)

~7	min	– Discussion	2:
Questions	to	the	exercises	(Example	next	slide)



Question	example:
Electronic	density	of	state	&	Fermi	Dirac

(1) Can	you	draw	or	state	the	dispersion	of	a	free	electron?

(3)	At	zero	– temperature	how	is	the	Fermi	energy	defined?

(2)	How	would	you	derive	(rough	arguments)	the	
density	of	states	for	a	free	electron	gas?

(4)	Can	you	draw	schematically	the	Fermi	Dirac	distribution
at	T=0	and	T=300	K?	



Discussion	1:
Electronic	density	of	state	&	Fermi	Dirac

(1) Can	you	draw	or	state	the	dispersion	of	a	free	electron?

(3)	At	zero	– temperature	how	is	the	Fermi	energy	defined?

(2)	How	would	you	derive	(rough	arguments)	the	
density	of	states	for	a	free	electron	gas?

(4)	Can	you	draw	schematically	the	Fermi	Dirac	distribution
at	T=0	and	T=300	K?	

Solid State Physics

Exercise Sheet 1

FS16

Prof. Dr. Johan Chang

Discussion on 26

th
February Due on 2

nd
March

Exercise 1 Crystal lattice

Why is there no tetragonal base-centred crystal lattice? (Draw a figure!)

Exercise 2 Cubic lattice system

For simple cubic, bcc, and fcc lattices with lattice constant a, calculate the following quantities

expressed in units of a:

• Volume of the conventional unit cell

• Number of primitive lattice points per unit cell

• Volume of the primitive cell

• Number of nearest neighbours (coordination number)

• Distance between nearest neighbours

• Packing density for spherical and touching atoms

Exercise 3 Lattice constant of gold

Gold has a cubic fcc lattice and a density of 19.3 g/cm3
. Calculate the lattice constant, the

distance between nearest neighbours and the radius of a gold atom if they were touching spheres.

Exercise 4 Wigner-Seitz cell

Construct the Wigner-Seitz cell of the orthorhombic base-centred lattice for a1 : a2 : a3 = 4 :

2 : 3.

Exercise 5 Sphere packings

Calculate the ratio c/a of an ideal hexagonal dense sphere packing (hcp) and its packing density.

Compare the packing density to that of an fcc lattice and explain your findings.

Discussion	2:



Questionnaire

The	university	is	asking	us	/	you	to	evaluate	this	course:
Some	of	you	have	already	given	feedback	using	the	link	below:

Festkörperphysik (PHY210.1,	VVZ-Nr.	1872)
– Link: https://www.sae.uzh.ch/lvb/UU6MC

It	would	be	great	to	have	the	opinions	of	as	many	of	you	as	possible
before	21th	of	May	where	the	evaluation	is	closing.



Todays	program

(1) Tasks	&	Course	overview

(2) Exam	structure

(3) Quantum	oscillations	(continued)

(4) Magneto-resistance



(1)	Quantum	Oscillation	experiments:	

Summary	of	previous	lecture
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carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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(a)	RAW	DATA

carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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(b)	OSCILATIONS	VERSUS	1/B

Another noteworthy feature of this result is that quantum oscillations
have been observed in a metal for which one key signature of a Landau
Fermi-liquid, namely a purely quadratic temperature dependence of the
electrical resistivity at low temperatures, is absent. According to ADMR
experiments on overdoped Tl2201 crystals with comparable Tc values,
the scattering rate contains two temperature-dependent components; a
dominant isotropic component, which varies quadratically with tem-
perature and is characteristic of fermionic quasiparticle scattering, and
an anisotropic component, maximal near the Brillouin zone boundaries
and varying linearly with temperature down to very low temperatures14,
consistent with the observed form of the in-plane resistivity11,18. This
unusual form of the scattering rate has been associated with proximity
to a quantum critical point19,20 or to the Mott insulating state21, but its
origin is as yet unknown. The fact that quasiparticles arise, despite there
being a linear-in-T contribution to the scattering rate, is in agreement
with theoretical predictions22,23. However, to actually see the effect of the
anomalous contribution to the self energy in the temperature depen-
dence of the oscillations would require following them to much lower
temperature23,24.

Finally, our measurements offer strong support for the scenario25

that beyond a critical doping level within the superconducting dome,
the pseudogap vanishes—that is, that the pseudogap and the super-
conducting gap are not coincident in the overdoped regime. We
stress here that closure of the pseudogap is not field-induced, as
the Fermi surface parameters we derive are entirely consistent with
zero-field transport11, thermodynamic17 and spectroscopic7 data. The
task now is to determine whether this large Fermi surface evolves into
a collection of small pockets or into a series of disconnected arcs at
low doping. In other words, does the carrier density decrease
smoothly from 1 1 p to p, or does a competing order—such as anti-
ferromagnetism26, d-density-wave27, orbital loops20 or stripes28—
cause a Fermi surface reconstruction along some critical line in the
(p, T) phase diagram? Given the excellent agreement between dHvA
and ARPES results evident in overdoped Tl2201, combined measure-
ments on the same underdoped compound seem to be essential to
help resolve this long-standing controversy.

Received 4 June; accepted 28 July 2008.
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Figure 2 | Features of the oscillation data. a, Fast Fourier transform (FFT)
of the data shown in Fig. 1c (field range 50–58.8 T), revealing a single, sharp
dHvA frequency of F 5 18,100 6 50 T, corresponding to an average Fermi
surface radius kF 5 7.42 6 0.05 nm21. Inset, a cross-section of the Fermi
surface topology of overdoped Tl2201 (Tc 5 15 K) deduced from ADMR6,14.
The area of this tubular Fermi surface is in excellent agreement with our
measured dHvA frequency. b, Temperature dependence of the
Shubnikov–de Haas amplitude. According to the standard
Lifshitz–Kosevich expression for the oscillatory magnetization29, the
thermal damping factor RT 5 X/sinh(X), where X 5 (2p2kB/"e)m*T/B and
m* is the quasiparticle effective mass that is enhanced over the band-mass by

many-body interactions. Error bars, 1s. c, Field dependence of the
amplitude of the dHvA oscillations shown in Fig. 1c, divided by RT. Each
point represents a fit of 1.5 oscillations to A/(RTB) sin(2pF/B 1 w). From the
fit to the exponential decay, we tentatively estimate a mean-free-path of
l 5 320 Å. The actual mean-free-path may be up to a factor of two longer
than this, because the limited field range of our measurements does not
allow us to rule out a low frequency beat with another close frequency, as
expected for a quasi-two-dimensional Fermi surface such as this30. The
transport mean-free-path in the best crystals, as estimated from in-plane
resistivity measurements11, is of the order l 5 670 Å. Error bars are deduced
from a combination of systematic error and standard deviation.
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electron-like character of the small Fermi surface pocket (53, 59) and (b) quantum oscillations
with similar frequency have been detected in underdoped HgBa2CuO4þd, a compound free of
CuO chains (44). In the second set of proposals, which are more relevant in explaining the
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(a) Schematic of the Fermi-Dirac distribution fFD ¼ ð1þ ezÞ%1 [where z¼ (ɛ% ɛF)/kBT)]. TheT-dependent step
in occupation number (lines, dotted for higher temperatures) causes the oscillatory density of states
~g ¼ g0ei2pɛ=Zvc (assuming that g0 is approximately constant on the scale of the cyclotron energy Zvc¼ ZeB/m&)
shown by the sinusoidal line (blue) to be thermally smeared by the derivative of the probability distribution
jf FD0 ðzÞj ¼ 1=2ð1þ cosh zÞ (shaded regions). The consequent reduction in amplitude is equivalent to a
Fourier transform of jf FD0 ðzÞj, yielding oscillations } ei(2pF/B) periodic in 1/B modulated by a T-dependent
prefactor a(T) ¼ a0ph/sinhph (where h ¼ 2pkBTm&/eB and a0 is a constant). The quantum oscillatory
magnetization and resistivity can be expressed in terms of the above thermally averaged density of states, hence
the same thermal amplitude factor a(T). (b) Magnetic quantum oscillations (after background polynomial
subtraction) measured in YBa2Cu3O6.56 (p ' 0.108). This restricted interval in B ¼ jBj furnishes a dynamic
range of'50 dB over the range of measured temperatures of 1.1, 1.2, 1.4, 1.7, 1.8, 2.0, 2.1, 2.2, 2.6, 3.0, 3.5,
3.9, 4.0, 4.5, 5.0, 5.5, 6.0, 6.5, 7.0, 8.0, 9.0, 10.0, 11.0, 12.0, 14.0, 15.0, and 16.0 K. (c) Inverse Fourier
transform (red diamonds) of the amplitude of the oscillations versus z. Its comparison with the Fermi-Dirac
distribution (black line) shows excellent agreement. Adapted from Reference 52.
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(1)	Quantum	Oscillation	experiments:	

Electronic	Mass

carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.

NATURE | Vol 455 | 16 October 2008 LETTERS

953
 ©2008 Macmillan Publishers Limited. All rights reserved

(a)	RAW	DATA

Another noteworthy feature of this result is that quantum oscillations
have been observed in a metal for which one key signature of a Landau
Fermi-liquid, namely a purely quadratic temperature dependence of the
electrical resistivity at low temperatures, is absent. According to ADMR
experiments on overdoped Tl2201 crystals with comparable Tc values,
the scattering rate contains two temperature-dependent components; a
dominant isotropic component, which varies quadratically with tem-
perature and is characteristic of fermionic quasiparticle scattering, and
an anisotropic component, maximal near the Brillouin zone boundaries
and varying linearly with temperature down to very low temperatures14,
consistent with the observed form of the in-plane resistivity11,18. This
unusual form of the scattering rate has been associated with proximity
to a quantum critical point19,20 or to the Mott insulating state21, but its
origin is as yet unknown. The fact that quasiparticles arise, despite there
being a linear-in-T contribution to the scattering rate, is in agreement
with theoretical predictions22,23. However, to actually see the effect of the
anomalous contribution to the self energy in the temperature depen-
dence of the oscillations would require following them to much lower
temperature23,24.

Finally, our measurements offer strong support for the scenario25

that beyond a critical doping level within the superconducting dome,
the pseudogap vanishes—that is, that the pseudogap and the super-
conducting gap are not coincident in the overdoped regime. We
stress here that closure of the pseudogap is not field-induced, as
the Fermi surface parameters we derive are entirely consistent with
zero-field transport11, thermodynamic17 and spectroscopic7 data. The
task now is to determine whether this large Fermi surface evolves into
a collection of small pockets or into a series of disconnected arcs at
low doping. In other words, does the carrier density decrease
smoothly from 1 1 p to p, or does a competing order—such as anti-
ferromagnetism26, d-density-wave27, orbital loops20 or stripes28—
cause a Fermi surface reconstruction along some critical line in the
(p, T) phase diagram? Given the excellent agreement between dHvA
and ARPES results evident in overdoped Tl2201, combined measure-
ments on the same underdoped compound seem to be essential to
help resolve this long-standing controversy.

Received 4 June; accepted 28 July 2008.
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Figure 2 | Features of the oscillation data. a, Fast Fourier transform (FFT)
of the data shown in Fig. 1c (field range 50–58.8 T), revealing a single, sharp
dHvA frequency of F 5 18,100 6 50 T, corresponding to an average Fermi
surface radius kF 5 7.42 6 0.05 nm21. Inset, a cross-section of the Fermi
surface topology of overdoped Tl2201 (Tc 5 15 K) deduced from ADMR6,14.
The area of this tubular Fermi surface is in excellent agreement with our
measured dHvA frequency. b, Temperature dependence of the
Shubnikov–de Haas amplitude. According to the standard
Lifshitz–Kosevich expression for the oscillatory magnetization29, the
thermal damping factor RT 5 X/sinh(X), where X 5 (2p2kB/"e)m*T/B and
m* is the quasiparticle effective mass that is enhanced over the band-mass by

many-body interactions. Error bars, 1s. c, Field dependence of the
amplitude of the dHvA oscillations shown in Fig. 1c, divided by RT. Each
point represents a fit of 1.5 oscillations to A/(RTB) sin(2pF/B 1 w). From the
fit to the exponential decay, we tentatively estimate a mean-free-path of
l 5 320 Å. The actual mean-free-path may be up to a factor of two longer
than this, because the limited field range of our measurements does not
allow us to rule out a low frequency beat with another close frequency, as
expected for a quasi-two-dimensional Fermi surface such as this30. The
transport mean-free-path in the best crystals, as estimated from in-plane
resistivity measurements11, is of the order l 5 670 Å. Error bars are deduced
from a combination of systematic error and standard deviation.
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From our fits, we find that m⇤
therm = 5.8(3)me for Tl10Ka (' ⇠ 0�), m⇤

therm = 4.9(3)me for
Tl10Kb (' ⇠ 45�) and m⇤

therm = 5.0(3)me for Tl26K (' ⇠ 45�). While the masses obtained for
the two Tc = 10 K samples are further apart than might be expected given the high quality of the
fits, a deviation in temperature of the lowest temperature data points beyond our estimated error
could influence the results.

To check for consistency and any field dependence of the dHvA mass (common in heavy
Fermion systems, where m⇤

therm is strongly enhanced by spin fluctuations), we compare our
effective mass values to the zero-field electronic specific heat. For a 2D metal, the Sommerfeld
coefficient is [34]

� =
✓

⇡k2
B NAa2

3h̄2

◆
m⇤

therm, (25)

where NA is Avogadro’s constant. Taking the average m⇤
therm = 5.2(4)me, we obtain

� = 7.6(6) mJ mol�1 K�2 in excellent agreement with the almost p-independent value of
7(1) mJ mol�1 K�2 found from direct measurement of polycrystalline Tl2201 [35].

Comparison with the band mass mb ⇠ 1.7me, given by density functional theory band-
structure calculations (see section 6), reveals a significant enhancement due to electron
correlation effects (m⇤

therm/mb ⇡ 3) that is constant (within our uncertainty) up to at least
⇠ 0.3 T max

c . ARPES measurements showed that the band energies of Tl2201 (Tc = 30 K) [37]
are renormalized by a similar factor over a large energy range of the order of several eV. In
fact, using the tight binding parametrization of the ARPES data given in [36], we calculate an
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(c)	T-dependence
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Multi	– band	metals:	Sr2RuO4

Figure 1: The total specific heat divided by temperature of Sr
2

RuO
4

between T
c

and 14K in
zero field (filled squares) and a magnetic field of 14T (open circles) applied parallel to the
c-axis.

Exercise 3 Specific heat of copper

Copper has a density of ⇢ = 8.94 g cm�3 and a molar mass of m
mol

= 63.55 gmol�1. Use the
measured values for the specific heat of copper given below to:

(a) determine the electron mass. Remember that this is a three dimensional electronic system.
Compare this value to the literature value for a free electron.

(b) determine the Debye temperature of copper.

T [K] =

0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50, 2.75, 3.00, 3.25, 3.50, 3.75, 4.00, 4.50

C
V

[mJmol�1 K�1] =

0.17, 0.35, 0.54, 0.74, 0.96, 1.21, 1.47, 1.78, 2.11, 2.50, 2.91, 3.35, 3.91, 4.46, 5.15, 5.87, 7.49

Heat	Capacity

A.P.	Mackenzie	et	al,
RMP	75,	657	(2003)
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Magnetoresistance is the tendency of a material to change the value 
of its electrical resistance in an externally-applied magnetic field.

Magneto-resistance



Magneto-resistanceApplication	of	Magneto-resistance



The Nobel Prize in Physics 2007 was awarded jointly to Albert Fert and Peter 
Grünberg "for the discovery of Giant Magnetoresistance"

Nobel	Prize	2007:	Magneto-resistance



Magnetoresistance is the tendency of a material to change the value 
of its electrical resistance in an externally-applied magnetic field.

Magneto-resistance



One	route	to	Magneto-resistance



Consider	two	bands	crossing	the	Fermi	level



One	route	to	Magneto-resistance



Magneto-resistance


