
Electronics	– Free	electron	gas

1. Perspectives
Thermal	conductivity
Thermoelectricity
Coupling	between	electronic	charge	and	crystal	lattice

2. Free	electron	gas
Electron	dispersion
Fermi	energy	EF
Electronic	DOS
Fermi-Dirac	distribution

3. Electronic	specific	heat
Temperature	dependence
Quantitative	expression
Comparison	to	experiments



Thermal	Conductivity



an
aly
sis
.49
In
at
yp
ica
lm

ea
su
rem

en
t,
th
et
em
pe
rat
ur
ei
sv
ari
ed

aro
un
d
a
co
ns
tan

ta
ve
rag

e
tem

pe
rat
ur
e
an
d
th
e
slo
pe

of
th
e

vo
lta
ge
(V)

vs.
tem

pe
rat
ur
ed

iff
ere
nc
e(
DT
)c
ur
ve
giv
es
th
eS
ee
-

be
ck

co
effi

cie
nt
(th
es
lop

em
eth

od
)o
rj
us
tV
/D
T
is
m
ea
su
red

(si
ng
le

po
in
t
m
ea
su
rem

en
t).

Ei
th
er

a
sp
ec
i
c
tem

pe
rat
ur
e

diff
ere
nc
ei
ss
tab

ili
ze
db

efo
re
ea
ch
m
ea
su
rem

en
t(
ste
ad
y-s
tat
e),

wh
ich

tak
es

lon
ge
r,16

,5
0,
51

or
m
ea
su
rem

en
ts

are
co
nd
uc
ted

co
nt
in
uo
us
ly
wh
ile

th
et
em
pe
rat
ur
ed

iff
ere
nc
ei
sv
ari
ed

slo
wl
y

(qu
as
i-s
tea
dy
-st
ate
).16,

19
,5
2,
53
In
ar
ec
en
ts
tu
dy
,17
lit
tle

diff
ere
nc
e

wa
s

fou
nd

be
tw
ee
n

ste
ad
y-s
tat
e

an
d

qu
as
i-s
tea
dy
-st
ate

m
ea
su
rem

en
ts
wh
en

go
od

th
erm

al
an
d
ele
ctr
ica
lc
on
tac
ti
s

en
su
red

. Th
ee
m
plo

ye
dt
em
pe
rat
ur
ed
iff
ere
nc
es
ho
uld

be
ke
pt
sm
all
,

bu
tt
oo
sm
all
wi
lll
ea
dt
od
ec
rea
se
da
cc
ur
ac
y.
Us
ua
lly
4–
20
K
(or

!2
–!
10
K)
is
ap
pr
op
ria
te
for

th
ef
ull

tem
pe
rat
ur
es
pa
n.
W
he
n

us
in
gt
he

qu
as
i-s
tea
dy
-st
ate

m
eth

od
,a
ll
vo
lta
ge
sa
nd

tem
pe
ra-

tu
res

sh
ou
ld
ide
all
yb

em
ea
su
red

sim
ult
an
eo
us
ly16

,4
8
or
tim

ed

us
in
g
th
e
“d
elt
a
m
ea
su
rem

en
t”
tec
hn
iqu

e
(in
div
idu

al
vo
lta
ge

m
ea
su
rem

en
ts
pe
rfo
rm
ed

sym
m
etr
ica
lly
in
tim

e)
or
wi
th
tim

e

sta
m
ps
to
co
m
pe
ns
ate

for
al
in
ea
rd
ri
.19,4

9

In
th
es
lop

em
eth

od
th
em

ea
su
red

ra
w
da
ta
is
co
rre
cte
df
or

co
ns
tan

to
ff
se
tv
olt
ag
es
by

us
in
g
th
e
slo
pe

of
se
ve
ra
l(
DT
,V)

po
in
ts
fo
re
xtr
ac
tin
gt
he
Se
eb
ec
kc
oe
ffi
cie
nt
.16,1

9,
48
,4
9
Th
eo
ff
se
t

vo
lta
ge
sc
an

rea
ch

se
ve
ra
lh
un
dr
ed

m
icr
ov
olt
s,
in
cre
as
in
ga

t

ele
va
ted

tem
pe
ra
tu
res

an
d
ca
n
be

ca
us
ed

by
se
ve
ra
le
ff
ec
ts,

in
clu
di
ng
di
ff
er
en
ce
si
nt
he
rm
oc
ou
ple

wi
re
s,
re
ac
tiv
es
am

ple
s,

an
d
th
e
co
ld
n
ge
re
ff
ec
t(
he
at
be
in
g
dr
aw
n
aw
ay

fro
m
th
e

sa
m
ple

th
ro
ug
h
th
e
th
erm

oc
ou
ple
,c
au
sin
g
a
tem

pe
ra
tu
re

dr
op

be
tw
ee
n
th
e
sa
m
pl
e
an
d
th
er
m
oc
ou
pl
e
tip

du
e
to
th
e

th
erm

al
co
nt
ac
tr
es
ist
an
ce
).I
ti
sa
no

pe
nc
irc
ui
tv
olt
ag
ea
nd

is

no
t
us
ab
le
fo
r
co
nt
in
uo
us

po
we
r
ge
ne
ra
tio
n
sin

ce
a
he
at

en
gin

ec
an
no
to
ut
pu
tp
ow
er
wi
th
ou
ta

he
at
o
w.
Th
es
in
gle

po
in
tm

eth
od

is
un
ab
le
to
se
pa
ra
te
th
is
fro
m
th
ea
ctu

al
Se
e-

be
ck
co
effi

cie
nt
.T
he
slo
pe
m
eth

od
,in

co
nt
ra
ry,
is
de
sig
ne
dt
o

ex
tra
ct
on
ly
th
e
th
er
m
oe
lec
tri
cp

ar
to
ft
he

vo
lta
ge
,p
ro
vid
ed

th
e
off
se
t
is

co
ns
tan

t
du
rin
g
on
e
m
ea
su
rem

en
t.

M
os
t

co
m
m
erc
ial

sy
ste
m
s
(in
clu
di
ng

th
e
ZE
M

se
rie
s
by

UL
VA
C-

Ri
co
)u
se
th
es
lop

em
eth

od
to
ex
tra
ct
th
eS
ee
be
ck
co
effi

cie
nt

fro
m
ste
ad
y-s
tat
em

ea
su
re
m
en
ts.

In
str
um

en
tg
eo
m
etr
ies

Th
ec
on
tac
ta
rra
ng
em
en
ti
sa
lso

of
im
po
rta
nc
e.
Ge
ne
ral
ly
th
ree

diff
ere
nt
ge
om

etr
ies

ex
ist
:19,4

8
2-p
oin

t(
Fig
.2
a),

off
-ax
is
4-p
oin

t

(Fi
g.
2b
),
an
d
un
iax
ial

4-p
oin

t
(Fi
g.
2c
).
It
is
im
po
rta
nt

to

m
in
im
ize

ele
ctr
ica
la
nd

th
erm

al
co
nt
ac
tr
es
ist
an
ce
sa
nd

m
ak
e

su
re
th
e
tem

pe
rat
ur
e
an
d
vo
lta
ge

are
m
ea
su
red

at
th
e
sa
m
e

po
in
ti
n
sp
ac
e.
Th
is
is
no
tr
ea
liz
ed

in
th
e
2-p
oin

tg
eo
m
etr
y,

wh
ere

th
erm

oc
ou
ple

an
dv
olt
ag
el
ea
ds
are

ge
ne
ral
ly
im
be
dd
ed

in
m
eta
llic

co
nt
ac
tp
ad
si
n
th
eh
ea
ter
s,
ho
we
ve
r,
th
ee
rro
rm

ay

be
sm
all

wh
en

go
od

th
erm

al
an
d
ele
ctr
ica
lc
on
tac
ti
sm

ad
et
o

th
e
sa
m
ple

(e.
g.
by

so
lde
rin
g
or

us
in
g
pa
ds

of
hi
gh

th
erm

al

co
nd
uc
tiv
ity
m
eta
ls
su
ch
as
tu
ng
ste
n)
.17
Th
e2
-po

in
tg
eo
m
etr
yi
s

als
o
o
en

us
ed

wh
ere

oth
er
co
ns
ide
rat
ion

st
ha
n
ac
cu
rac
ya
re

im
po
rta
nt
,s
uc
h
as
in
sc
an
ni
ng

sys
tem

s.39

In
th
e
off
-ax
is
4-p

oin
tg

eo
m
etr
y
th
e
th
erm

oc
ou
ple
s
an
d

vo
lta
ge
lea
ds
ar
ep
res
se
d
ag
ain

st
th
es
id
es
of
th
es
am

ple
th
us

all
ow
in
g
co
nc
ur
ren

tm
ea
su
rem

en
to
fS
ee
be
ck

an
d
res
ist
ivi
ty

du
rin
go
ne
m
ea
su
rem

en
tr
un
.T
hi
sm

eth
od
is
us
ed
in
th
em

os
t

po
pu
lar

co
m
m
erc
ial

in
str
um

en
ts
(e.
g.
by

UL
VA
C-
Ri
co

or
Lin

-

se
is)
.H

ere
th
e
th
erm

oc
ou
ple
sa
re
in
di
rec
tc
on
tac
tw

ith
th
e

sa
m
ple
,
red

uc
in
g
th
e
di
sta
nc
e
be
tw
ee
n
th
e
ele
ctr
ica
l
an
d

th
erm

al
co
nt
ac
ts.

Sin
ce

on
ly
low

for
ce

ca
n
be

us
ed

on
th
e

th
erm

oc
ou
ple
st
oa
vo
id
be
nd
in
g(
so
m
em

ate
ria
ls
m
ay
tu
rn
so


at
hi
gh

tem
pe
rat
ur
es
),
br
ea
kin

g
or

sh
i
in
g
th
e
sa
m
ple
,t
he

th
erm

al
an
de
lec
tri
ca
lc
on
tac
tr
es
ist
an
ce
m
ay
ac
tu
all
yb
el
ar
ge
.

Hi
gh

th
erm

al
co
nd
uc
tiv
ity

alu
m
in
a
sh
ea
th
ed

th
erm

oc
ou
ple
s

ex
ten

d
to
ou
tsi
de

th
e
he
ate
d
zo
ne

to
a
ch
am

be
rn

ea
rr
oo
m

tem
pe
ra
tu
re.

Th
ey
m
ay
th
us

ac
ta
sc
old

n
ge
rs
an
d
cre
ate

a

tem
pe
ra
tu
re

gr
ad
ien

t
ac
ro
ss

th
e
th
erm

oc
ou
ple

tip
-sa
m
ple

in
ter
fac
e.
Th
et
he
rm
oc
ou
ple
sw

ou
ld
th
en

un
de
res
tim

ate
ea
ch

tem
pe
ra
tu
re
an
d
als
o
DT
,l
ea
di
ng

to
an

ov
ere
sti
m
ate
d
th
er-

m
op
ow
er
(ab

so
lut
ev
alu

eo
fS
ee
be
ck
co
effi

cie
nt
).17,

19
Th
ea
na
l-

ysi
so
ft
he
co
ld
n
ge
re
ff
ec
tb
yM

ar
tin17

fu
rth
er
im
pli
es
th
at
th
e

av
era
ge
tem

pe
rat
ur
eo
ft
he

tw
ot
he
rm
oc
ou
ple
s(
wh
ich

is
us
ed

as
th
e
sa
m
ple

tem
pe
rat
ur
e)
un
de
res
tim

ate
st
he

tru
e
av
era

ge

tem
pe
ra
tu
re
of
th
es
am

ple
.T
hi
se
ff
ec
tis

ex
pe
cte
dt
ob
ea

lin
ea
r

fu
nc
tio
no
ft
he
tem

pe
ra
tu
re
di
ff
ere
nc
eb
etw

ee
nt
he
sa
m
ple

an
d

su
rro
un
di
ng
sa
nd

wi
llc
om

pr
es
st
he
tem

pe
ra
tu
re
in
ter
va
lo
fth

e

m
ea
su
red

Se
eb
ec
k
co
effi

cie
nt
.I
ft
he

Se
eb
ec
k
co
effi

cie
nt

ha
s

str
on
g
tem

pe
ra
tu
re
de
pe
nd
en
ce

th
is
ca
n
aff
ec
tt
he

ac
cu
ra
cy

sig
ni
c
an
tly
.A
lar
ge
de
via
tio
nb

etw
ee
nt
he
tem

pe
ra
tu
res

of
th
e

gr
ad
ien

th
ea
ter
si
nd

ire
ct
co
nt
ac
tw
ith

th
es
am

ple
an
da
ve
ra
ge

sa
m
ple

tem
pe
ra
tu
re

ca
n
be

an
in
di
ca
tio
n
th
at

co
ld

n
ge
r

eff
ec
ts
ar
ea
ff
ec
tin
gt
he

m
ea
su
rem

en
ta
cc
ur
ac
y.

In
ar
ec
en
ts
tu
dy
by
M
art
in17

th
er
es
ult
sf
ro
m
th
e2
-po

in
ta
nd

off
-ax
is
4-p
oin

tg
eo
m
etr
ies

we
re
co
m
pa
red

.T
he
off
-ax
is
4-p
oin

t

ge
om

etr
yw
as
ob
se
rve
dt
oy
iel
dt
he
rm
op
ow
er
va
lue
sh
igh

er
th
an

th
e2
-po

in
tg
eo
m
etr
y,
wi
th
th
ed
iff
ere
nc
eb
ein

gp
ro
po
rti
on
al
to

th
et
em
pe
rat
ur
ed

iff
ere
nc
eb
etw

ee
n
th
es
am

ple
an
d
su
rro
un
d-

in
gs
.W

ith
at
ho
ro
ug
h
an
aly
sis

of
th
et
he
rm
al
res
ist
an
ce
st
he

stu
dy
co
nc
lud

es
th
at
th
ec
old

n
ge
re
ff
ec
tis

res
po
ns
ibl
ef
or
th
e

hi
gh
er
th
erm

op
ow
er
va
lue
sa
nd

th
at
th
e
2-p
oin

tg
eo
m
etr
yi
s

pr
efe
rab

le.

Fig
.
2

Th
e
th
re
e
co
m
m
on

ge
om

et
rie
s
fo
r
Se
eb
ec
k
co
effi

cie
nt

m
ea
su
re
m
en
ts
in
cr
os
ss
ec
tio
na
lv
iew

:2
-p
oi
nt
(a)
,o
ff
-a
xis

4-
po
int

(b
)

an
du

nia
xia
l4
-p
oi
nt
(c)
.T
he
up
pe
ra
nd

lo
we
rh
ea
te
rs
ar
es
ho
wn

in
re
d

an
db
lue
,th
es
am

ple
in
be
tw
ee
nt
he
tw
oh

ea
te
rs
in
ye
llo
w,
an
dt
he
th
in

th
er
m
oc
ou
ple

ro
ds
in
gr
ee
n.
Th
e
th
er
m
al
gr
ad
ien
tc
an

be
ap
pli
ed

in

bo
th
dir
ec
tio
ns
.

42
6
|E
ne
rg
yE
nv
iro
n.
Sc
i.,
20
15
,8
,4
23
–4
35

Th
is
jou
rn
al
is
©
Th
e
Ro
ya
lS
oc
iet
yo

fC
he
m
ist
ry
20
15

En
er
gy

&
En
vir
on
m
en
ta
lS
cie
nc
e

Re
vie
w

Published on 23 September 2014. Downloaded by University of Zurich on 19/04/2016 22:00:09. 

View
 A

rti
cle

 O
nlin

e

Thermal	Conductivity	- Setup

Cold	– Bath	or	Heat	Sink

Thermo
meter	1	

Thermo
meter	1	

Heater



VOr. UMZ 25, NUMBER I PHYSI CAL REVIEW LETTERS 6 Jut.v 1970

C3
LLIo 200—
I

IOO—
I—

50—

I— 20—

a
O
C3 5—a
CL
LIJ

2

I I I

5 I 0 20
TEMPERATURE { K)

I

50 I 00

I—
Z:
LLI
CL
LLI
LLL
C5

I—

Q
LLI

LLI

CL

FIG. j.. Thermal conductivity versus temperature
for pure NaF crystals. Curve A, NaF sample, this
paper; curve B, NaF sample, Ref. 1; curve C, typi-
cal singly grown NaF (smaller cross section).

conductivity Ep„& is a sensitive indicator of its
purity, and the conductivity of 240 W/cm deg
(at 16.5'K) for our purest sample may well be
the highest value ever measured for an insulator.
A complete analysis, based on the Callaway'
model for lattice thermal conductivity, allows
one to deduce relative strengths of impurity and
intrinsic-process phonon-phonon scattering
rates. Such an analysis has been done for our
purest crystal but a discussion of the subtleties
of such an analysis is too lengthy for the present
paper and will be published elsewhere. ' It is
enough now to indicate that our purest crystal
(curve A, Fig. 1) had between a. factor of 2 and a
factor of 5 less impurities than the best crystal4
in Ref. 1 (curve 8, Fig. 1).
Heat pulses were propagated through our sam-

ples using the techniques described in Ref. 1.
Figure 2 shows heat pulses in the Kp p 240
W/cm deg crystal for several different tempera-
tures. The behavior seen here is similar to
Ref. 1, but more dramatic. The topmost trace
(9.6'K) shows well-defined longitudinal and trans-
verse first-sound pulses. By 12.5 K, the "trans-
verse" pulse is seen to behave in an unusual
fashion; it has broadened considerably and its
peak has shifted to later times. At 15 K a new
pulse, which we identify as second sound, is
seen. It arrives later than the transverse pulse
and has much greater amplitude. The transverse
peak is marked by an arrow. By 17.3'K, the

2 5 4 5 6 7
ARRIVAL TIME (p, SEC)

FIG. 2. Heat pulses in the purest NaF sample (l = 8.8
mm) in the (100) direction for several different tem-
peratures. The arrows mark the peak of the trans-
verse ballistic pulse. Note the movement of the sec-
ond-sound peak to later times for higher temperatures.

second-sound pulse has slowed enough to allow
one to see the transverse ballistic pulse clearly.
A comparison with Fig. 1(b) of Ref. 1 is instruc-
tive. At 15'K the signal in our crystal is seen to
return to the base line after the second-sound
pulse. In contrast, at about the same tempera-
ture the second-sound peak in their crystal is
superimposed on a broad diffusive ramp.
Our ability to follow second sound out to higher

temperatures is reflected in the temperature de-
pendence given in Fig. 3. It is seen that the
pulse moves linearly to later arrival times and
broadens as the temperature is increased. The
sharp rise at the highest temperatures is due to
the arrival of the diffusive scattering signal
which dominates when the rate of momentum-
destroying phonon collisions (7'z ') becomes suf-
ficiently high. We observe that the linear shift
seen in Ref. 1 continues to yet higher tempera-
tures and that no leveling off towards the expect-
ed fully developed second-sound velocity occurs
before diffusion forces the curve upward. In par-
ticular, at 18'K the arrival time for the peak of
the second-sound pulse is essentially at the val-
ue expected from existing theory, but has yet to

Thermal	Conductivity:	NaF
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Introduction
Thermoelectric materials are a group of electronic materials
which can interconvert gradients in electrical potential and
temperature.1 Thermoelectrics can be used for both cooling and
power generation.2,3 The rst is widely used for cooling delicate
optoelectronics, detectors, and small scale refrigeration. The
latter has successfully been used for power generation in deep
space missions4 but is now proposed for waste heat recovery,
e.g. in vehicles,5 or for wireless remote sensing such as in
aircra.6,7 While the impact on global energy consumption may
not necessarily be large,8 niche applications abound as mate-
rials are improved and novel materials commercialized. Since
thermoelectric devices are solid state and contain no moving
parts, they nd application because they are easily scalable and
require little maintenance even though they are inferior in
efficiency compared to traditional dynamic heat engine/refrig-
eration methods.2,3,5

The physics of thermoelectrics are governed by three ther-
modynamic effects, the Seebeck, Peltier, and Thomson effects.
These have a common physical origin and are related through
the Seebeck coefficient. The Seebeck effect generates an elec-
trical potential gradient when a temperature gradient is applied
(used for power generation), while the Peltier effect pumps
reversible heat and can thus establish a temperature gradient
when a current is passed through the material (used for cool-
ing). Thomson heat is released or absorbed internally in a
material if the Seebeck coefficient depends on temperature,
balancing for the owing Peltier heat. All effects are related to
heat being transported by the charge carriers. While the effects
were discovered in metals, modern thermoelectric materials are
heavily doped semiconductors. Both n- and p-type materials are
used and both are needed in a device.

The maximum efficiency of a thermoelectric material,
whether in cooling or power generation, is depending upon the
thermoelectric gure of merit, zT,

zT¼S2

rk
T : (1)

S is the Seebeck coefficient, r is the electrical resistivity, k is
thermal conductivity, and T is absolute temperature. The device
efficiency is given by the Carnot efficiency, (Th " Tc)/Th, multi-
plied by a complicated function of the properties and geometry
of the materials and device. This function generally increases
monotonously with the average of zT of the two materials across
the temperature range used.9,10

With the continued growing interest in the development of
better materials, where even a 20% improvement over state-of-
the-art would make signicant commercial impact, measure-
ment accuracy is of critical importance. For example, excessively
large electrical contacts in resistivity and Hall effect measure-
ments lead to misinterpretation of the transport properties and
inaccurate reports of Seebeck enhancement in PbTe-based
quantum dot superlatices.11–13 Conversely, early measurements
and estimates of the high temperature thermal conductivity of

the lead chalcogenides are some 30% higher than the values
obtained today resulting in an underestimation of zT for
decades.14,15 Such discrepancies are to be expected even today as
absolute accuracy in thermoelectric measurements is still not
possible; even published results on standards should be peri-
odically reevaluated. The Seebeck coefficient is particularly
difficult as it is inherently a relative measurement. While
instruments with identical geometries oen give similar values,
estimating the relative accuracy of different geometries is more
difficult. In one study, the off-axis 4-point geometry was found
to overestimate the Seebeck coefficient relative to the 2-point
geometry due to cold nger effects. The overestimation was
found to be proportional to the temperature difference between
the sample and surroundings, reaching 14% at 900 K.16,17

While there are many recent studies and prior reviews on
thermoelectric measurements and instrumentation, data
treatment, and developing new methods16–23 this is oen highly
specialized work and may not be readily accessible or seem
overwhelming to new researchers or research groups in the
eld. We here present a review of the most common techniques
used for measuring the transport properties necessary to char-
acterize a bulk thermoelectric material. The main focus is on
techniques for characterization at room temperature and above,
but some low temperature techniques are also briey included.
Common problems encountered when using each technique
are discussed as well as their advantages, disadvantages, and
limitations. The effects of various user or instrument errors on
the results are discussed to aid the researcher in identifying
erroneous data early in the characterization process.

General considerations
In order to direct material development, high precision
measurement of zT as well as good estimates of the error is
necessary. Due to the lack of appropriate standard reference
materials, especially at high temperatures, true measurement
accuracy is not known. Propagation of the statistical uncer-
tainties of the individual measurements does not give a good
estimate for the accuracy, but instead gives an estimate of the
data quality. In a recent round-robin by Hsin Wang et al.,24 the
scatter in zT was estimated to be 12% at 300 K when comparing
data on the same material measured at several laboratories.
This increased to 21% at 475 K; above this temperature higher
variation can be expected. The scatter is dened as the
maximum spread in data divided by the average.

Before characterization of a bulk sample, its density needs to
be evaluated. The theoretical density can be calculated from the
unit cell size and contents, and from this the relative density
can be calculated. This is usually greater than 98% for dense
samples. The measured zT oen deviates from that of a dense
sample when the relative density is less than 90% and suspect
when less than 97%.25

Internal standards

Commercial standards with properties close to typical values for
thermoelectrics are not available for all measurements. Hence it

424 | Energy Environ. Sci., 2015, 8, 423–435 This journal is © The Royal Society of Chemistry 2015

Energy & Environmental Science Review

Pu
bl

is
he

d 
on

 2
3 

Se
pt

em
be

r 2
01

4.
 D

ow
nl

oa
de

d 
by

 U
ni

ve
rs

ity
 o

f Z
ur

ic
h 

on
 1

9/
04

/2
01

6 
22

:0
0:

09
. 

View Article Online

Figure	of	Merit	- Thermoelectricity

S	=	Seebeck coefficient	
T	=	Temperature
𝜌 =	Resistivity	(ohm)
𝜅 =	Thermal	conductivity
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Figure	of	Merit	– versus	time
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Figure	of	Merit	– versus	time	&	T
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Figure 2 |Oscillatory component of electronic specific heat. a, Equation (1) for a single 531±3 T pocket with warping of 15.2±0.5 T. Note the location of
the node depends only on m⇤. For YBCO 6.56, we find m⇤ = 1.34±0.06me. b, Oscillatory component of data (circles) with the a fit superimposed (black
lines). Blue/cyan data at 1 K result from sweeping the magnetic field up/down and show no hysteresis. The dashed line demonstrates the ⇡-phase shift
between 2 K and 5.5 K. c, Temperature-field plot of a, with coloured lines indicating locations of the data shown in b.

For a two-dimensional Fermi liquid with parabolic bands,
in which the density of states is constant, the total electronic
contribution to the specific heat is a simple sum over each piece or
pocket of the Fermi surface:

�total = � 0
X

i

nimi
⇤/me (2)

where n is the number (multiplicity) of the ith-type of pocket in the
first Brillouin zone (BZ), mi

⇤ is the effective mass of the ith-type
of pocket, and � 0 = 1.46mJmol�1 K�2. (A similar expression holds
for Dirac-like dispersion with an appropriate redefinition of m⇤;
see Supplementary Information.) Within the scenario in which the
high-field resistive state is interpreted as a normal state Fermi liquid,
a single pocket in the first BZ (n = 1; m⇤ = 1.35me) would yield
�total = 1.9mJmol�1 K�2 and a single pocket per CuO2 plane (that
is n= 2; m⇤ = 1.35me) would yield �total = 3.8mJmol�1 K�2. The
symmetry of the BZ admits only two possibilities for a single pocket,
both of which are shown in the upper left of Fig. 3. Among other
scenarios, it has been proposed that the high-field resistive state
in underdoped YBCO is a spin density wave with a Fermi surface
reconstruction (lower right inset of Fig. 3), where there is one
pocket per CuO2 plane centred at (±⇡; 0)(0;±⇡) withm⇤ =1.35me
and two pockets at (⇡/2;⇡/2) withm⇤ =3.8me (ref. 3) whichwould
yield �total = 26mJmol�1 K�2 (see Supplementary Information).
Interestingly, this simple Fermi surface pocket counting scheme
works well in the case of overdoped Tl2Ba2CuO6+� (Tc = 10K),
where transport quantum oscillations experiments found a single
frequency with an effective mass of m⇤ = 4.9me , predicting
� of 7.2mJmol�1 K�2 (ref. 27). Specific heat measurements
made on overdoped Tl2Ba2CuO6+� with Tc = 10K have indeed
independently determined � ⇡ 7mJmol�1 K�2 (ref. 28). In the
underdoped YBCO measurements reported here, the observed
value of � =1.85mJmol�1 K�2 in Fig. 1 is too small to be consistent
with the Fermi surface reconstruction scenario suggested from
early quantum oscillation measurements2,3. The persistence of
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Figure 3 | Temperature dependence of the specific heat. a, C/T versus T2

for H= 0 T (yellow circles) and H= 45 T (blue triangles). Both the
zero-field superconducting state and high-field resistive state look
Fermi-liquid-like, with contributions from (linear) electronic and (cubic)
phonon terms. The phonon term is independent of field with slope
� = 0.395 mJ mol�1 K�4. Upper left schematics are Fermi surfaces for
which symmetry allows a single pocket that is centred at (0, 0) or (⇡,⇡).
Lower right schematic represents the Fermi surface reconstruction
described in the text, for which �total = 26 mJ mol�1 K�2 for one electron
pocket and two hole pockets per CuO2 plane (see
Supplementary Information).

the
p
H signature of a d-wave superconducting gap would seem

to rule out an interpretation in which the high magnetic field
destroys the said d-wave gap to reveal a conventional normal
state Fermi liquid.

Thus, we turn attention to the second scenario in which
the state in a high magnetic field is a vortex liquid, which
features the coexistence of Fermi liquid quasiparticles and mobile
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Heat	Capacity	– YBa2Cu3O6.5
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