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FIG. j.. Thermal conductivity versus temperature
for pure NaF crystals. Curve A, NaF sample, this
paper; curve B, NaF sample, Ref. 1; curve C, typi-
cal singly grown NaF (smaller cross section).

conductivity Ep„& is a sensitive indicator of its
purity, and the conductivity of 240 W/cm deg
(at 16.5'K) for our purest sample may well be
the highest value ever measured for an insulator.
A complete analysis, based on the Callaway'
model for lattice thermal conductivity, allows
one to deduce relative strengths of impurity and
intrinsic-process phonon-phonon scattering
rates. Such an analysis has been done for our
purest crystal but a discussion of the subtleties
of such an analysis is too lengthy for the present
paper and will be published elsewhere. ' It is
enough now to indicate that our purest crystal
(curve A, Fig. 1) had between a. factor of 2 and a
factor of 5 less impurities than the best crystal4
in Ref. 1 (curve 8, Fig. 1).
Heat pulses were propagated through our sam-

ples using the techniques described in Ref. 1.
Figure 2 shows heat pulses in the Kp p 240
W/cm deg crystal for several different tempera-
tures. The behavior seen here is similar to
Ref. 1, but more dramatic. The topmost trace
(9.6'K) shows well-defined longitudinal and trans-
verse first-sound pulses. By 12.5 K, the "trans-
verse" pulse is seen to behave in an unusual
fashion; it has broadened considerably and its
peak has shifted to later times. At 15 K a new
pulse, which we identify as second sound, is
seen. It arrives later than the transverse pulse
and has much greater amplitude. The transverse
peak is marked by an arrow. By 17.3'K, the

2 5 4 5 6 7
ARRIVAL TIME (p, SEC)

FIG. 2. Heat pulses in the purest NaF sample (l = 8.8
mm) in the (100) direction for several different tem-
peratures. The arrows mark the peak of the trans-
verse ballistic pulse. Note the movement of the sec-
ond-sound peak to later times for higher temperatures.

second-sound pulse has slowed enough to allow
one to see the transverse ballistic pulse clearly.
A comparison with Fig. 1(b) of Ref. 1 is instruc-
tive. At 15'K the signal in our crystal is seen to
return to the base line after the second-sound
pulse. In contrast, at about the same tempera-
ture the second-sound peak in their crystal is
superimposed on a broad diffusive ramp.
Our ability to follow second sound out to higher

temperatures is reflected in the temperature de-
pendence given in Fig. 3. It is seen that the
pulse moves linearly to later arrival times and
broadens as the temperature is increased. The
sharp rise at the highest temperatures is due to
the arrival of the diffusive scattering signal
which dominates when the rate of momentum-
destroying phonon collisions (7'z ') becomes suf-
ficiently high. We observe that the linear shift
seen in Ref. 1 continues to yet higher tempera-
tures and that no leveling off towards the expect-
ed fully developed second-sound velocity occurs
before diffusion forces the curve upward. In par-
ticular, at 18'K the arrival time for the peak of
the second-sound pulse is essentially at the val-
ue expected from existing theory, but has yet to

Thermal	Conductivity:	NaF
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Introduction
Thermoelectric materials are a group of electronic materials
which can interconvert gradients in electrical potential and
temperature.1 Thermoelectrics can be used for both cooling and
power generation.2,3 The rst is widely used for cooling delicate
optoelectronics, detectors, and small scale refrigeration. The
latter has successfully been used for power generation in deep
space missions4 but is now proposed for waste heat recovery,
e.g. in vehicles,5 or for wireless remote sensing such as in
aircra.6,7 While the impact on global energy consumption may
not necessarily be large,8 niche applications abound as mate-
rials are improved and novel materials commercialized. Since
thermoelectric devices are solid state and contain no moving
parts, they nd application because they are easily scalable and
require little maintenance even though they are inferior in
efficiency compared to traditional dynamic heat engine/refrig-
eration methods.2,3,5

The physics of thermoelectrics are governed by three ther-
modynamic effects, the Seebeck, Peltier, and Thomson effects.
These have a common physical origin and are related through
the Seebeck coefficient. The Seebeck effect generates an elec-
trical potential gradient when a temperature gradient is applied
(used for power generation), while the Peltier effect pumps
reversible heat and can thus establish a temperature gradient
when a current is passed through the material (used for cool-
ing). Thomson heat is released or absorbed internally in a
material if the Seebeck coefficient depends on temperature,
balancing for the owing Peltier heat. All effects are related to
heat being transported by the charge carriers. While the effects
were discovered in metals, modern thermoelectric materials are
heavily doped semiconductors. Both n- and p-type materials are
used and both are needed in a device.

The maximum efficiency of a thermoelectric material,
whether in cooling or power generation, is depending upon the
thermoelectric gure of merit, zT,

zT¼S2

rk
T : (1)

S is the Seebeck coefficient, r is the electrical resistivity, k is
thermal conductivity, and T is absolute temperature. The device
efficiency is given by the Carnot efficiency, (Th " Tc)/Th, multi-
plied by a complicated function of the properties and geometry
of the materials and device. This function generally increases
monotonously with the average of zT of the two materials across
the temperature range used.9,10

With the continued growing interest in the development of
better materials, where even a 20% improvement over state-of-
the-art would make signicant commercial impact, measure-
ment accuracy is of critical importance. For example, excessively
large electrical contacts in resistivity and Hall effect measure-
ments lead to misinterpretation of the transport properties and
inaccurate reports of Seebeck enhancement in PbTe-based
quantum dot superlatices.11–13 Conversely, early measurements
and estimates of the high temperature thermal conductivity of

the lead chalcogenides are some 30% higher than the values
obtained today resulting in an underestimation of zT for
decades.14,15 Such discrepancies are to be expected even today as
absolute accuracy in thermoelectric measurements is still not
possible; even published results on standards should be peri-
odically reevaluated. The Seebeck coefficient is particularly
difficult as it is inherently a relative measurement. While
instruments with identical geometries oen give similar values,
estimating the relative accuracy of different geometries is more
difficult. In one study, the off-axis 4-point geometry was found
to overestimate the Seebeck coefficient relative to the 2-point
geometry due to cold nger effects. The overestimation was
found to be proportional to the temperature difference between
the sample and surroundings, reaching 14% at 900 K.16,17

While there are many recent studies and prior reviews on
thermoelectric measurements and instrumentation, data
treatment, and developing new methods16–23 this is oen highly
specialized work and may not be readily accessible or seem
overwhelming to new researchers or research groups in the
eld. We here present a review of the most common techniques
used for measuring the transport properties necessary to char-
acterize a bulk thermoelectric material. The main focus is on
techniques for characterization at room temperature and above,
but some low temperature techniques are also briey included.
Common problems encountered when using each technique
are discussed as well as their advantages, disadvantages, and
limitations. The effects of various user or instrument errors on
the results are discussed to aid the researcher in identifying
erroneous data early in the characterization process.

General considerations
In order to direct material development, high precision
measurement of zT as well as good estimates of the error is
necessary. Due to the lack of appropriate standard reference
materials, especially at high temperatures, true measurement
accuracy is not known. Propagation of the statistical uncer-
tainties of the individual measurements does not give a good
estimate for the accuracy, but instead gives an estimate of the
data quality. In a recent round-robin by Hsin Wang et al.,24 the
scatter in zT was estimated to be 12% at 300 K when comparing
data on the same material measured at several laboratories.
This increased to 21% at 475 K; above this temperature higher
variation can be expected. The scatter is dened as the
maximum spread in data divided by the average.

Before characterization of a bulk sample, its density needs to
be evaluated. The theoretical density can be calculated from the
unit cell size and contents, and from this the relative density
can be calculated. This is usually greater than 98% for dense
samples. The measured zT oen deviates from that of a dense
sample when the relative density is less than 90% and suspect
when less than 97%.25

Internal standards

Commercial standards with properties close to typical values for
thermoelectrics are not available for all measurements. Hence it

424 | Energy Environ. Sci., 2015, 8, 423–435 This journal is © The Royal Society of Chemistry 2015
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Figure	of	Merit	- Thermoelectricity

S	=	Seebeck coefficient	
T	=	Temperature
𝜌 =	Resistivity	(ohm)
𝜅 =	Thermal	conductivity
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Figure	of	Merit	– versus	time
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Figure	of	Merit	– versus	time	&	T
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Figure 2 |Oscillatory component of electronic specific heat. a, Equation (1) for a single 531±3 T pocket with warping of 15.2±0.5 T. Note the location of
the node depends only on m⇤. For YBCO 6.56, we find m⇤ = 1.34±0.06me. b, Oscillatory component of data (circles) with the a fit superimposed (black
lines). Blue/cyan data at 1 K result from sweeping the magnetic field up/down and show no hysteresis. The dashed line demonstrates the ⇡-phase shift
between 2 K and 5.5 K. c, Temperature-field plot of a, with coloured lines indicating locations of the data shown in b.

For a two-dimensional Fermi liquid with parabolic bands,
in which the density of states is constant, the total electronic
contribution to the specific heat is a simple sum over each piece or
pocket of the Fermi surface:

�total = � 0
X

i

nimi
⇤/me (2)

where n is the number (multiplicity) of the ith-type of pocket in the
first Brillouin zone (BZ), mi

⇤ is the effective mass of the ith-type
of pocket, and � 0 = 1.46mJmol�1 K�2. (A similar expression holds
for Dirac-like dispersion with an appropriate redefinition of m⇤;
see Supplementary Information.) Within the scenario in which the
high-field resistive state is interpreted as a normal state Fermi liquid,
a single pocket in the first BZ (n = 1; m⇤ = 1.35me) would yield
�total = 1.9mJmol�1 K�2 and a single pocket per CuO2 plane (that
is n= 2; m⇤ = 1.35me) would yield �total = 3.8mJmol�1 K�2. The
symmetry of the BZ admits only two possibilities for a single pocket,
both of which are shown in the upper left of Fig. 3. Among other
scenarios, it has been proposed that the high-field resistive state
in underdoped YBCO is a spin density wave with a Fermi surface
reconstruction (lower right inset of Fig. 3), where there is one
pocket per CuO2 plane centred at (±⇡; 0)(0;±⇡) withm⇤ =1.35me
and two pockets at (⇡/2;⇡/2) withm⇤ =3.8me (ref. 3) whichwould
yield �total = 26mJmol�1 K�2 (see Supplementary Information).
Interestingly, this simple Fermi surface pocket counting scheme
works well in the case of overdoped Tl2Ba2CuO6+� (Tc = 10K),
where transport quantum oscillations experiments found a single
frequency with an effective mass of m⇤ = 4.9me , predicting
� of 7.2mJmol�1 K�2 (ref. 27). Specific heat measurements
made on overdoped Tl2Ba2CuO6+� with Tc = 10K have indeed
independently determined � ⇡ 7mJmol�1 K�2 (ref. 28). In the
underdoped YBCO measurements reported here, the observed
value of � =1.85mJmol�1 K�2 in Fig. 1 is too small to be consistent
with the Fermi surface reconstruction scenario suggested from
early quantum oscillation measurements2,3. The persistence of
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Figure 3 | Temperature dependence of the specific heat. a, C/T versus T2

for H= 0 T (yellow circles) and H= 45 T (blue triangles). Both the
zero-field superconducting state and high-field resistive state look
Fermi-liquid-like, with contributions from (linear) electronic and (cubic)
phonon terms. The phonon term is independent of field with slope
� = 0.395 mJ mol�1 K�4. Upper left schematics are Fermi surfaces for
which symmetry allows a single pocket that is centred at (0, 0) or (⇡,⇡).
Lower right schematic represents the Fermi surface reconstruction
described in the text, for which �total = 26 mJ mol�1 K�2 for one electron
pocket and two hole pockets per CuO2 plane (see
Supplementary Information).

the
p
H signature of a d-wave superconducting gap would seem

to rule out an interpretation in which the high magnetic field
destroys the said d-wave gap to reveal a conventional normal
state Fermi liquid.

Thus, we turn attention to the second scenario in which
the state in a high magnetic field is a vortex liquid, which
features the coexistence of Fermi liquid quasiparticles and mobile
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